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Abstract
Multi-particle simulationsareperformedto studyemit-

tancegrowth in theFermilabBooster. Analysisshows that
thesourceof verticalemittancegrowth comesmostlyfrom
randomerrors in skew quadrupolesin the presenceof a
strong transversespace-charge force. [1] Randomerrors
in dipole rolls andthe Montagueresonancedo contribute
but to lesserextent. The effect of randomerrors in the
quadrupolesis small becausethe betatronenvelopetunes
arereasonablyfaraway from thehalf-integerstopband.

IPM MEASUREMENTS
The transverse rms beam radii ����� � of the Fermilab

Boosterhavebeenmeasured[2] usingtheionizationbeam
profile monitor (IPM) at the location wherethe betatron
functionsanddispersionare

� ��� �	��
� ������� � m and ���� � � m. TheIPM hasagateof � ��� sallowing ����� bunches
to passthrough.Theverticalrmsemittanceis � ��� ���� � � � ,
which is plotted for the whole ramp cycle in Fig. 1 at
4- and 12-turn injections. Also shown are the normal-
izedrmsemittances�! � , which startsfrom �"�$# mm-mral-
mostindependentof intensity(thereis nopainting),but in-
creasesrapidly within thefirst 4000revolutions(regionA)
at higherbeamintensity. It thengrows almostlinearly be-
tween4000to 1700revolutions(regionB), afterwhichex-
tractiontakesplace.Theaimof thisarticleis to understand
thegrowth mechanism.

Figure1: (Color) Rmsnormalizedvertical emittances%'&( . The
unnormalizedemittances% ( areshown in dashes.

Theemittancegrowth perrevolution in bothregionscan
befitted ratherwell up to 12-turninjectionaccordingto) �* �)�+ �-,/.10�, �32547698
where 254:6 is the space-chargeperveance,with only three
parameters:, . �;�� �=< � ��>@?�# mmmr/rev, , � �A�� �=<

� �3?
# mmmr/rev, and �! ��B ��CD� � � �$# mmmr. Obviously, the
space-charge term dominatesin region A. In region B,
however, the linear term dominates,since 2�476 dwindles
down rapidly as the beamenergy increases.The reason
E
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of the linear growth of � � # mmmr/
� ��? rev is not clear.

Residualgasscatteringat the 100-nTorr vacuumand in-
trabeamscatteringcontribute,respectively, only

) �! � � )�+ ��� F�< � ��>@?G# mmmr/
� �3? rev and HJI@< � ��>�KG# mmmr/

� ��? rev.
Thehorizontalbeamsize � � receivescontribution from

the betatronemittance� � andthe dispersion� according
to ���� � � �L�!� 0 �5�����M � Thesetwo contributionshave very
differentdependency on the relativistic parametersN and�

, aswell asthe rf voltageandsynchronousphase.As a
result, the two contributionscanbe separatedso that the
emittance�*� andmomentumspread� M alongtherampcy-
cle canbe extracted. The calculatedresultsfit the bunch
length andmomentumspreadof variousintensitiesmea-
suredseparatelyat the wall-gapmonitor, asdemonstrated
in Fig. 2 with a singlesetof parametersassumingthelon-
gitudinalbunchareaof 0.08eVs.We donot find explosive
�! � blow-upas �* � in regionA. Insteadthegrowth rateof �! �
in thewholecycle is roughlythesameas �! � in regionB.

Post-transition,there is bunch length oscillation com-
ing from phase-spacemismatchasthe space-chargeforce
changessign. Fromtheoscillationamplitude,the longitu-
dinal bunchareacanbededuced.Thenon-oscillatorypart
can be separatedagaininto the emittanceand dispersion
componentsasbefore.

Figure 2:
(Color) Bunch
length and mo-
mentum spread
calculatedfrom
IPM results
(solid) agree
well with data
obtained from
a resistive-wall
monitor up to
10-turn injec-
tion below 9200
revolution.
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MODELING AND SIMULATIONS
Multi-particlesimulationsareperformedhopingthatthe

IPM resultscouldbemodeled.
1. SincetheBoosteris composedof 24combined-function
FODOcells,transportmatricesO;P$QJR and O;RSQ=P areem-
ployedfor eachhalf cell, usingmeasuredtunesandTwiss
parametersalongtherampcycle.
2. Systematicsextupoles,randomdipoles,quadrupole,and
skew quadrupoleerrorsareintroducedaskicks:
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3. Dipole errors are designedto mimic injection closed
orbit-errors,which areusuallydampedin ^D_�` ab�]I��3�3� rev.
Thus the error amplitudedamping factors ced X � f X B + C �c d X � f X B �SC*gh> 3i*jlk!m n areincludedin thesimulations.
4. Random quadrupoleerrors are introduced satisfying� � B*V C , . B!V C ) V � � and

� � B!V C , . B*V C ) V � � so that the
tunesarenot perturbed.Quadrupoleerrorsareto account
for phase-spacemismatch,which is usually dampedin
^	oqp�r _ �sF3���3� rev. Thustheerroramplitudedampingfac-
tors ctd . � f . B + C � ctd . � f . B ��C!gh> hi*jvu*w!xyk areincluded.
5. Body sextupolesareintroducedasthin-lenskicks at the
endof eachhalf cell with themeasuredstrengths , �

) V �\e�G� � �3z I and \e�G� ��
3I m >@� , respectively, attheF andD qua-
drupoles.Chromaticitysextupoleshavealsobeenincluded,
but their effectson emittancesaresmall,sincewake fields
driving collective instabilitiesarenot consideredhere.
6. Bi-Gaussiandistributed beamis employed and we as-
sumethe distribution to maintainbi-Gaussianeven when
thebeamis perturbed.Thespace-chargepotentialis
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where| � �L�3����� . Thusthespace-chargekicksare
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where� is half-cell lengthand ^ is thelinearparticleden-
sity in thebeam.Exponentiatedformsareusedto allow for
negligible tuneshiftsfor large-amplitudeparticles.
7. Therf andsynchronous-phasetablesfor theactualramp
are used. In addition, the measuredbunch length is em-
ployedto computebunchingfactorandmomentumspread.
Themeasured95%longitudinalbunchareais 0.08eVs.
8. Post-transitionmomentum-spreadoscillation due to
space-chargemismatchis put in by hand. For

+���+ � �� 
3��� , it is

� M B + C � � M X� ¢¡ B + C � 0 £ M \ � � \�g >G¤¥¦�� @>G L§ � <
< � 0 c M g >¤ ¥ �� @> § �L¨�©«ª ��#¬ B + \ + � C 8 (1)

with initial rmsmomentumspread� M X �=IG� �l< � ��>@? , growth
factor £ M � �� � , oscillationamplitudec M � �G� � , frequency
¬ � .. K X¯® �/° >

. , anddecoherencefactor ± M � .. K9² . K X .

SIMULATION RESULTS
Half-Integer Stopbands

Stopbandwidths are intentionally madelarger at har-
monic13andsmallat12by specialchoiceof randomseed
of quadrupoleerrors. The resultof 12-turninjection with
quadrupoleerror F3�³< � �S>�? m > . , about

� � I�´ of the main

quadrupolefield ( � � � timestoo large),is shown in Fig. 3,
whereweseelargeemittanceincreasewhenthebaretunes
arenearthe half-integerstopband.Only the linear partof
spacecharge is included. The vertical baretune is fixed
at µ/� � 
� � � while the horizontalbaretune variesfrom
�µ �s� � � to 14. Spacecharge usually self-adjustswhen
thebeamis sufficiently nearthestopband.Particlesredis-
tributeandthebunchmaybecomehollow sothattheemit-
tancegrowth is reduced.

Figure 3: (Color) Top: Plot showing large emittancegrowth
whenthehorizontaltuneapproachesandis insidethehalf-integer
stopband. Bottom: Horizontal space-charge tune shift corre-
spondingto variouspointsin thetopplot.

Montague Resonance
The �Gµ/��\t�µ/� � � Montagueresonanceis drivenby non-

linear spacecharge. To studythe resonance,we perform
simulationat12-turninjectionby turningoff all linearran-
domerrors.AlthoughMontagueresonancecancauseemit-
tanceexchange,its effecton emittancegrowth is small.

Skew Quadrupole Errors
Skew quadrupolefield can be inducedby quadrupole

roll andvertical closedorbit deviation in sextupole. With
a 1-cm amplitudeof vertical closedorbit error inside the
sextupolefield, thefeed-down skew quadrupoleamplitude
is estimatedto be I��J< � ��>�? m > . (focal length 300 m).
To avoid mixing with the effectsof Montagueresonance,
we try at 12-turn injection to vary the strengthof skew
quadrupoleerrorsas � , IG� ��< � � >@? , � F�< � � >�? , and I3��<� �S>�? m > . , but keepingidentical randomseed. The bare
verticaltuneis keptfixedat µ�� � 
G� ��� while thebarehori-
zontaltuneis variedfrom µ/� � 
 to 7.

Without skew quadrupolefield, we seein Fig. 4 just
small Montagueresonancewhen µ �¶� µ � and � � �·�!¸ .
When µ/� approachesan integer, �! � diverges. The ef-
fects are not much different at skew quadrupolestrength
I� �;< � � >@? m > . As the strengthincreasesto 0.0014and
0.0035m > . , bothlineardifferenceandsumresonancesbe-
comeimportantwith �!��� � increase.Beamlossoccurseven
when the tunesare far away from sum resonance.Near
the sum resonance,particlesredistribute themselves and
thebunchbecomeshollow in bothtransversephasespaces.
Figure5 show theincreaseof thesumresonancestopband



Figure4: (Color) With ¹ ( fixedat 6.85and ¹�º variedfrom 6.0
to 7.0, four differentstrengthsof skew quadrupolefield arestud-
ied. Theemittancesincreasesharplyandbeamlossoccursat the
differenceresonanceand nearthe sum resonanceat high skew
quadrupolefield.

Figure5: (Color) Sumstopbandis foundto increasewith beam
intensitywith skew quadrupolecomponentat »�¼ »�»�½/¾v¿ÁÀGÂ .
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Figure 6: (Color) Betatron tunes measuredusing a vertical
pingeronMay 7, 2005.They satisfythebestsettingof ¹ (Ë ¹ ºÍÌ»@¼ÏÎ for all beamintensitiesin thisanalysis.

as the beamintensity increasesfrom 1- to 11-turn injec-
tion. To minimizeemittancegrowth, oneshouldtherefore
chooseµ/�t\¶µ/�]�Ð�� � , which is actuallythesettingusedin
operationat the present,asdemonstratedin Fig. 6 by the
tunesmeasuredrecentlyusinga verticalpinger. [2]

Dipole Errors
Dipole errorsgeneratecoherentbeamoscillations.Non-

linearities convert coherent oscillations into emittance
growth. Magnetrolls generatehorizontalmagneticfield,
thusverticaldipoleerrorwill in generalbe larger thanthe
horizontal.Reasonabledipoleerrorsare

z � �~< � ��>@K radver-

Figure 7: (Color) Sincevertical dipole error is usually much
larger thanhorizontaldipole error, we seea muchlargergrowth
in % & ( than% & º (red)to becomparedwith thesituationof nodipole
errors(blue).

tical and�G� �Ñ< � ��>�K radhorizontal.[3] This leadsto afaster
increasein �! � than �! � , asdemonstratedin Fig. 7.

SUMMARY
Puttingall considerationstogether, the simulatedbeam

radii andthenormalizedemittancesatanF-quadrupoleare
shown in Fig. 8, resemblingwhatweremeasured.Thecon-
clusionis that the emittanceincreasesat 12-turninjection
arisefrom: skew quadrupoleerrors ���3�S´ , dipole errors
������´ , andspacecharge �Ð�3�S´ . Theskew quadrupoleer-
rorsbroadenthesum-resonancestopbandwhich enhances
emittancegrowths as intensity increases.The simulated
�! � ’s at various-turninjection in region A also agreewith
measurement.The initial increasesof �  �L� � comeprobably
from phase-spacemismatchin thepresenceof spacecharge
anddipoleerrors.Themismatchmagnitudeis proportional
to thespace-chargeperveance2JÒ!Ó , whichexplainswhy we
canfit �! � with

) �! � � )�+ � 2JÒ!Ó for thefirst 4000rev.

Figure 8: (Color) Simulatednormalizedemittancesand beam
sizesat an F-quadfor a beamwith 12-turn injection resemble
whatweremeasured.
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